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Abstract
The presence of strong linear dependencies among predictor variables, a condition
known as multicollinearity, is a common concern in quantitative research across diverse
fields such as econometrics, psychology, ecology, and medicine. Its main effect, the
inflation of the variance of regression coefficients, is well documented, but views on its
interpretation, diagnosis, and remediation differ widely. This review examines the
conceptualization of multicollinearity, from a simple data deficiency to an amplifier of
bias from model misspecification. Next, this review documents an array of diagnostic
tools, from the widely used Variance Inflation Factor (VIF) and condition number to
more specialized techniques for detecting collinearity-influential observations. This
review also assesses the impact of multicollinearity in hierarchical and geographically
weighted models, and identifies its interaction with measurement error and outliers.
Finally, the review discusses strategies to address its consequences, including model
respecification, biased estimation techniques such as ridge and principal component
regression, and modern machine learning approaches. In conclusion, the appropriate
response to multicollinearity depends on the research goal, the underlying data-
generating process, and the analytical context.
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1. Introduction
Multiple regression analysis is a cornerstone of quantitative research. It is a powerful tool
for modeling the relationships between a dependent variable and a set of independent, or
predictor, variables. A key requirement for estimating a multiple regression model is that
the predictors are not perfectly linearly dependent. Even when this requirement is met,
strong linear dependencies among predictors can leave little independent variation to
estimate their separate effects, a situation commonly referred to as multicollinearity.

The term multicollinearity was introduced by Ragnar Frisch in 1934 to describe a perfect
or near-perfect linear relationship among a set of variables [1], as cited in [2]. It is
important to distinguish between its two forms. Perfect multicollinearity, where one
predictor is an exact linear combination of others, is a mathematical issue that makes
unique estimation of the affected coefficients impossible. A far more common and
insidious problem is near-multicollinearity, which occurs when predictors are nearly
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linearly dependent. This condition results in an ill-conditioned design matrix (i.e., the
matrix containing the predictor variables), which, while not preventing estimation, can
compromise the reliability and interpretation of statistical results [3,4,5]. See Textbox 1 for
an illustration.

Textbox 1: lllustration of multicollinearity

Figure 1 illustrates a least-squares linear regression with two predictors (x; and x). In the left panel, these
two predictors are uncorrelated (r2, = 0.00), and in the right panel they are strongly related (r.., = 0.90).
The subscript p refers to the population value, that is, the value obtained if the sample size were infinite;
symbols without this subscript refer to sample estimates.

All variables have a normal distribution with a mean of 0 and a standard deviation of 1. In both panels, the
first predictor variable correlates 0.50 with the outcome y (r,1, = 0.50), and the second predictor variable
correlates 0.40 with it (2, = 0.40). Using a random number generator, 10,000 individuals were drawn
from a population.

In the left panel, where the two predictor variables are uncorrelated, both regression coefficients are
positive. More specifically, 31 = 0.497 and 3, = 0.404, close to the population correlation coefficients of
Iip = Bip=0.50 and ryp = B2, = 0.40.

In the right panel, where multicollinearity exists (rizp = 0.90), B = 0.754 and 3, = —0.281. Because the
sample size is large, at n = 10,000, the regression coefficients are again close to their population values
(Bwp = 0.737 and B, = —0.263). Because x: and x, correlate strongly, the plane fitted through this point
cloud has slopes that no longer resemble the zero-order correlations of 0.50 and 0.40. The sign reversal
is a property of the population: it is the partial relationship obtained when the outcome is regressed
simultaneously on two strongly correlated predictors, and an infinitely large sample would yield the same
negative coefficient. The finite-sample consequence of multicollinearity (i.e., inflated sampling variability
of the estimated coefficients) is illustrated in Textbox 2. For reference, the population variance inflation
factor (VIF) is 1.00 in the left panel and 5.26 in the right panel.
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Figure 1. Simulation result for 10,000 random individuals, where the predictor variables x; and x. are
uncorrelated in the population (left panel) or strongly correlated in the population (right panel). A
translucent least-squares fitted plane is depicted, with slopes equal to the regression coefficients 3; and
2. The 10,000 markers are color-coded according to their y-value. In both panels, r,:1, = 0.50 and ry,, =
0.40.

The consequences of multicollinearity are solidly established in the statistical literature.
Multicollinearity leaves the coefficient estimates of an otherwise correctly specified model
unbiased and increases their variances and standard errors [6,7]. This leads to unstable
estimates that are sensitive to minor changes in the data, wide confidence intervals, and
low statistical power for individual predictors, often resulting in a highly significant overall
model fit with no significant individual coefficients [3,4,5,8].

Despite this general understanding, an inspection of the literature reveals a rich and often
contentious debate regarding the proper way to conceptualize, diagnose, and address
multicollinearity. Some scholars frame multicollinearity as a data deficiency problem, akin
to a small sample size [9]. Others argue that multicollinearity is a feature of the data that
ordinary least squares (OLS) handles correctly, with the resulting uncertainty honestly
reflecting the limitations of the data [7,10]. A third perspective holds that severe
multicollinearity amplifies the bias from model misspecification. A fourth perspective uses
multicollinearity as a clue for theory building.

This paper reviews these perspectives based on methodological and applied studies. This
review first explores the ways multicollinearity has been interpreted and its consequences
for statistical modeling. Then, it presents an overview of the diagnostic tools that have
been developed, from simple heuristics to advanced statistical tests and visualization
techniques. Following this, proposed remedies are reviewed, including data-level
solutions, model respecification, and the use of alternative estimation techniques such as




biased regression and machine learning. Finally, this paper examines specific contexts
where multicollinearity presents unique challenges, such as in moderated regression,
structural equation modeling, and spatial analysis. While earlier work has reviewed and
simulated collinearity methods in ecology [11] or corrected common misconceptions in
international business research [12], the present review offers broader disciplinary
coverage, integrates more recent methodological developments, and provides new
Monte Carlo simulations that illustrate key concepts. The present study is a narrative
review: no formal database search protocol, inclusion criteria, or cutoff dates were
applied. Instead, sources were selected for their conceptual or historical significance,
methodological contribution, and disciplinary breadth. Accordingly, the coverage of
individual estimators and application areas is selective.

2. Conceptualizing the Problem
The appropriate response to multicollinearity is contingent on how the phenomenon is
conceptualized. The literature reveals a range of interpretations, from a simple data
problem to a signal of theoretical or methodological problems.

The most traditional view, articulated, for example, by Belsley [9], is that multicollinearity is
a data problem. This frames multicollinearity as a deficiency in one’s data, i.e., a condition
of micronumerosity (an approximate synonym for small sample size; [13]) where the data
lack sufficient independent variation to permit the disentangling of individual predictor
effects [14]. This view is often summarized with the quote from Blanchard [15] (p. 449) that
“multicollinearity is God’s will, not a problem with OLS or statistical techniques in general”
[16,17].

A stronger version of this perspective argues that multicollinearity is not a problem at all.
Morrissey and Ruxton [7] contend that the increased standard errors produced by OLS
are an honest and correct reflection of the uncertainty in the data. In this view,
multicollinearity is “part of the information that multiple regression uses to infer direct
effects” [7] (p. 6), and attempts to resolve it are misguided interventions that often
introduce bias. Vanhove [10] echoes this, using the analogy that multicollinearity is a
problem for analysis “in the same way that Belgium’s lack of mountains is detrimental to
the country’s chances of hosting the Winter Olympics: It is an unfortunate fact of life, but
not something that has to be solved” (p. 3). This school of thought attributes the perceived
issues to faulty shortcuts, such as equating non-significance with a zero effect [10].

A third framework holds that multicollinearity amplifies the bias from model
misspecification [14]. Kalnins [18] argues that when multicollinearity arises from an
unobservable common factor shared by two predictors, the standard OLS model can be
viewed as misspecified. In that situation, the misspecification biases the coefficients, and
the multicollinearity amplifies this bias, which can lead to spurious findings. Under a
correctly specified model that satisfies the standard exogeneity assumptions, by contrast,
multicollinearity does not introduce bias. This perspective shifts the viewpoint from data
deficiency to theoretical deficiency. Similarly, Schisterman et al. [19] argue that the impact
of collinearity cannot be understood without first defining the causal structure of the
variables with a directed acyclic graph (DAG). In their view, too, multicollinearity amplifies
the bias that results from model misspecification.



Finally, some researchers have framed multicollinearity as a diagnostic tool for theory
building. Schwarz et al. [20] propose that high inter-correlation among a set of
theoretically related first-order constructs in structural equation modeling (SEM) should be
interpreted as an empirical signal of a higher-order structure. This view transforms the
statistical issue into a clue that can guide the researcher toward a more accurate and
parsimonious theoretical model.

3. Statistical Consequences

Regardless of the conceptual framework, the statistical consequences of multicollinearity
on OLS are well established. The primary effect is the inflation of the variance of the
estimated regression coefficients [21]. For any non-intercept coefficient 3;, its variance is
proportional to the term 1 / (1 — R?), where R? is the coefficient of determination from
regressing predictor x; on all other predictors. As R? approaches 1, this term, known as the
Variance Inflation Factor (VIF; [22], citing [23]), approaches infinity, leading to several
adverse effects.

3.1. Estimation and Inference

The most cited consequences relate to the stability and interpretation of parameter
estimates. Coefficients become highly sensitive to small changes in the data, a
phenomenon known as “bouncing betas” [24] (p. 36). This instability reflects inflated
sampling variance, resulting in large standard errors and wide confidence intervals [3,21].
The effect on precision can be quantified directly: multicollinearity inflates the length of a
coefficient’'s confidence interval by a factor of the square root of its VIF [25]. This can
cause estimated coefficients to have signs opposite to what theory or simple correlations
would suggest [5,26]. Textbox 2 provides an illustration of these effects.

Textbox 2: A visual demonstration of how multicollinearity amplifies sampling error

A Monte Carlo simulation was used to demonstrate how correlation between two predictors inflates the
sampling variability of their regression coefficients while everything else about the population is held
constant. Data were generated from a population in which the two predictors, x; and x,, are drawn from a
bivariate normal distribution with unit variances and have identical true (unstandardized) regression
coefficients (B, = B2p = 0.40); for each observation, the outcome equals this weighted sum of the
predictors plus an independent Gaussian error term with a constant SD of 1.0. For each condition, 10,000
samples of n = 50 were drawn, and the coefficients . and 3, were estimated using OLS.

The results show that when the predictors are uncorrelated in the population, the estimates scatter
around the true values with essentially independent errors: the correlation between 3, and 3, across
repeated samples is r = 0.00, and each coefficient has a sampling standard deviation of approximately
0.15 (left panel). When r,,, = 0.80, the estimates remain unbiased, with means still equal to about 0.40,
but the sampling standard deviation of each coefficient rises to approximately 0.25 (right panel). This
inflation by a factor of about 1.7 closely matches the theoretical factor given by the square root of the VIF,
V(1/(1 - 0.80%) = 1.67. In addition, the estimates become strongly negatively correlated across samples
(r = -0.80): because the data cannot fully distinguish the two correlated predictors, a random
overestimation of one coefficient is compensated for by an underestimation of the other.
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Figure 2. 10,000 estimated coefficient pairs (1, B.) from samples of n = 50 drawn from a population with
identical true coefficients (B1p = B2p = 0.40; marked by the cross) and constant residual variance, where
the predictors are uncorrelated (r2, = 0.00; left panel) or highly correlated (ri., = 0.80; right panel).
Collinearity inflates the sampling variability of each coefficient (SD = 0.25 vs. 0.15) and induces a strong
negative correlation between the estimates (r = —0.80 vs. 0.00). The corresponding population VIFs are
1.00 and 2.78.

The inflated standard errors reduce the power of significance tests. This increases the
probability of Type Il errors, where a researcher fails to detect a true effect [27]. This often
leads to the classic paradox of a highly significant overall model fit (based on the F-test)
with no statistically significant individual predictors [5]. Kalnins [18] shows that when two
predictors share an unobserved common factor, i.e., the model is misspecified, OLS
coefficients can be biased away from zero; in such settings, multicollinearity amplifies this
bias, inflating t-statistics and raising Type | error rates. Because the bias persists as the
sample grows, larger samples produce even larger spurious t-statistics.

3.2. Prediction

An important distinction is often made between a model's explanatory and predictive
goals. For prediction, multicollinearity does not necessarily reduce average point
accuracy, provided the new data preserve the same dependency among predictors as the
training data. The explanation is that when two predictors (e.g., a person’s age and years
of experience) are correlated, their coefficients become individually unreliable. The model
might put too much weight on experience and, to compensate, put too little weight on age.
When predicting an outcome for a new person whose age and experience fit the typical
pattern (known as the collinear ridge), the errors in the two coefficients cancel each other
out, and the prediction remains reasonably accurate (e.g., [7,28]).

This stability can be misleading, however, as predictions at combinations of predictors
that depart from the observed ridge (i.e., outside the data region) become highly uncertain
and often poor [21,29]. A simulation study by Mundfrom et al. [30] found that adding a
collinear predictor widened the confidence intervals of the predicted values, more so at
higher predictor correlations and in smaller samples, although the widening was small (at
most about 0.19 standard deviations of the outcome).




3.3. Interaction with Other Data Problems

The effects of multicollinearity can be compounded by other common data issues. The
combination of multicollinearity and measurement error is particularly pernicious.
Measurement error in a predictor attenuates its own coefficient, and this underestimated
effect can be misattributed to a correlated predictor, which leads to large biases [6]. Zidek
et al. [31] termed this a “transfer of apparent causality” (p. 448), where a non-causal
surrogate variable can become spuriously significant. Furthermore, measurement error
can mask the presence of multicollinearity in standard diagnostics such as the
aforementioned VIF (e.g., reduced reliability leading to reduced VIF; see Case 1 in [32]).

Ouitliers also interact with multicollinearity. Jurczyk [33] demonstrated both analytically
and with simulations that robust regression methods designed to handle outliers, such as
Least Trimmed Squares (LTS), can fail more often as multicollinearity increases. The
collinearity creates flat regions in the loss function, which allows the estimator to fit an
outlier without a large penalty, thereby masking it. To address outliers and multicollinearity
together, researchers have proposed combined solutions, such as the Robust Dawoud—
Kibria (RDK) estimator, which integrates a robust M-estimator (to downweight outliers)
into the structure of a biased (shrinkage) estimator (to combat collinearity; [34]).

4. Diagnostic Tools
The literature contains an array of tools for diagnosing multicollinearity, ranging from
simple heuristics to complex statistical tests and visualizations. The choice and
interpretation of these diagnostics have also been a subject of debate.

4.1. Simple Heuristics and Correlation-Based Measures

The most basic diagnostic is the examination of the pairwise correlation matrix of the
predictor variables. While insufficient for detecting complex dependencies involving
multiple variables [35], it represents a common first step. Reported rules of thumb for
problematic correlations vary, with thresholds of |r| > 0.7 [11], > 0.7-0.8 [5], or > 0.8-0.9
[4,8] frequently cited. A more sophisticated rule, attributed to Klein [36] (p. 101), suggests
that multicollinearity is harmful when a pairwise correlation between two predictors is as
large as or larger than the overall multiple correlation coefficient (R) of the model [37].

4.2. Variance Inflation Factor and Tolerance

The most widely used diagnostic is the VIF, which quantifies the inflation in the variance of
a coefficient due to its linear relationship with other predictors [23]. Its reciprocal,
tolerance, is also commonly reported [38].

While no universal threshold exists, a VIF greater than 10 is the most frequently cited
guideline for severe multicollinearity [5,23]. More conservative thresholds of VIF > 5 [39]
(p- 203), VIF > 4 [5], or even VIF > 2.5 [38] have also been proposed. However, several
studies caution against the rigid application of these rules. Lavery et al. [40] showed that
problematic effects can occur with VIFs well below 10, while Vatcheva et al. [41] found
that a VIF less than 5 does not always indicate low multicollinearity. Conversely, O'Brien
[42] argued that VIF rules of thumb are inappropriate because they ignore other factors
that strongly influence the variance of regression coefficients, such as a large sample size
or a high proportion of explained variance in the dependent variable.



4.3. Eigenvalue-Based Diagnostics
A more comprehensive approach involves the analysis of the singular values of the
column-scaled predictor matrix, a method pioneered by Belsley et al. [3].

The condition number (also known as the maximum condition index), defined as the ratio
of the largest to the smallest singular value, provides a single summary measure of the
matrix’s ill-conditioning. Belsley et al. [3] indicated that condition indexes around 10 signal
weak dependencies, while values around 30 imply moderate to strong dependencies that
can be troublesome. Therefore, a threshold of 30 is typically used to flag dependencies
requiring further analysis. In practice, condition indexes are typically computed using
singular value decomposition (SVD) for numerical stability; the singular values equal the
square roots of the eigenvalues of the cross-product matrix.

To identify the specific variables involved in a near-dependency, Belsley et al. [3]
introduced variance-decomposition proportions (VDPs). The diagnostic is the co-
occurrence of a high condition index with high VDPs (e.g., > 0.5) for two or more variables,
which pinpoints the source and degrading effect of the multicollinearity (see also [5]). This
diagnostic is widely available in statistical software; however, implementations differ in
their default data preprocessing. Some packages compute these indexes using the
correlation matrix (standardized data), while others follow Belsley’s recommendation to
use the uncentered, column-scaled matrix. The latter approach allows for the detection of
multicollinearity involving the intercept, which is masked when data are centered.

4.4. Advanced and Specialized Diagnostics

The literature contains various extensions and novel diagnostic tools designed for specific
contexts or to overcome the limitations of standard measures. For assessing collinearity
among subsets of coefficients (e.g., for a set of dummy variables), Fox and Monette [22]
developed the generalized VIF (GVIF), which measures the inflation of the joint
confidence region for a set of parameters. It can be calculated as GVIF = (det Ri; % det
R2,) I det R, where R is the correlation matrix of all non-intercept regressors, partitioned so
that R.1 corresponds to the submatrix for the coefficient set of interest, and R», to the
submatrix for the remaining regressors. To compare blocks of different sizes on a
standard-error scale, a dimension-adjusted form, GVIF¥" is often used, where df is the
number of coefficients in the subset [22].

To distinguish the mere presence of collinearity from its damaging effects, Belsley [43]
proposed a non-central-F signal-to-noise test that, when combined with a high condition
index (= 30), indicates harmful collinearity. More recently, Mohammadi [44] introduced a
test of harmful multicollinearity that compares the p-values obtained from OLS and
generalized ridge regression to determine whether nonsignificant coefficients are an
artifact of collinearity. Chennamaneni et al. [45] proposed the C? metric, a diagnostic tool
for moderated regressions that assesses the impact of collinearity on statistical inference.
It categorizes collinearity based on the potential for an insignificant coefficient to become
significant if collinearity were reduced, using the classifications harmful but salvageable
collinearity, harmful but hard-to-salvage collinearity, and irrelevant collinearity.



Researchers have developed specialized diagnostics to address challenges beyond
standard multicollinearity detection. Hadi [46] introduced the concept of “collinearity-
influential points” (p. 145) to identify individual observations that disproportionately create
or mask near-linear dependencies. His proposed &, influence measure approximates the
relative change in the condition index upon deleting the i-th observation. Because outliers
can mask the true correlational structure of data, Sinan and Alkan [47] proposed a robust
procedure. In this method, diagnostics are calculated from a correlation matrix estimated
using the Minimum Covariance Determinant (MCD) method, which is resistant to outliers.
For Geographically Weighted Regression (GWR), where collinearity can vary spatially,
Wheeler [48] and Wheeler and Tiefelsdorf [49] adapted standard tools to create local VIFs
and local condition numbers, calculated from the spatially weighted data matrix at each
location, allowing researchers to map where estimates may be unstable. To make dense
diagnostic tables more intuitive, Friendly and Kwan [50] proposed novel visualizations
such as tableplots and a collinearity biplot. Unlike standard biplots, the collinearity biplot is
based on the smallest eigenvalues, directly visualizing the near-linear dependencies
among predictors.

5. Remedies
The strategies for managing multicollinearity are as varied and debated as its diagnostics.
They range from data collection and model respecification to the use of alternative
estimation techniques.

5.1. Data-Level and Design Solutions

The most widely recommended, though often impractical, solution is to collect more or
better data [3,21,51]. Additional data can break the dependency patterns observed in the
initial sample. However, when new observations replicate the same dependency
structure, the standard errors decrease, which may vyield statistically significant
coefficients, while the collinearity diagnostics remain unchanged [52]. A more proactive
approach is prevention through study design. In experimental settings, researchers can
manipulate variables to ensure they are orthogonal (e.g., with balanced factorial designs
[45]). Tests of interactions between correlated continuous predictors should include
guadratic terms to avoid spurious interactions, even though this adds collinearity [53]. For
observational studies involving spatial data, Heikkila [54] showed that multicollinearity
among distance variables can be minimized by carefully selecting the geographic range
from which data are drawn.

5.2. Model Respecification

A common approach is to alter the set of predictor variables. The simplest method is to
drop one or more of the highly correlated variables. However, this is widely criticized as it
can introduce omitted-variable bias, a more severe problem than the precision loss from
multicollinearity [6,7,12]. Furthermore, such an action fundamentally alters the model
being tested. As O’Brien [42] notes, dropping a variable means the remaining coefficients
no longer represent the same partial relationships, which means “the theory being tested
by the model has changed” (p. 683). Stepwise regression, an automated form of variable
deletion, is particularly discouraged in the presence of multicollinearity as its selection
criteria become unstable and unreliable [55].



Correlated variables that measure a similar underlying construct can also be combined
into a single index or factor score, often guided by Principal Component Analysis (PCA) or
factor analysis [11,27,56]. Finally, in SEM, high correlation among first-order constructs
can be addressed by specifying a higher-order factor model, which is both more
parsimonious and theoretically richer [20].

5.3. Biased and Regularized Estimation

A major class of solutions involves using estimators that introduce a small amount of bias
in exchange for a substantial reduction in variance, leading to a lower overall Mean
Squared Error (MSE).

Proposed by Hoerl and Kennard [57], ridge regression (RR) adds a small constant, k, to
the diagonal of the cross-product matrix, Brr = (X'X + k:1)*-X'Y, which stabilizes the
inverse and shrinks the coefficients. In this formulation, the predictors are centered (and
typically scaled), so that the intercept is not penalized. A vast literature exists on methods
for selecting the optimal k, with recent work proposing estimators that directly incorporate
the condition index [58].

Principal Component Regression (PCR) involves performing PCA on the predictors,
deleting the components associated with the smallest eigenvalues (i.e., directions of near-
dependency or low information), and regressing the dependent variable on the remaining
orthogonal components [59]. Park [60] showed that, over a region of interest, the linear
restrictions that minimize the integrated MSE of predicted responses produce the PCR
estimator. PCR has also been extended to semiparametric models; for example, Aydin et
al. [61] introduced a PCR estimator and a ridge-PCR variant that use kernel partial
residuals to estimate both the parametric and non-parametric components.

Partial Least Squares (PLS) builds orthogonal components from the covariance between
the predictors and the dependent variable; in the example of Wold et al. [62], it predicted
as well as ridge regression and better than PCR with two components (for a tutorial, see
[63]).

Lasso (Least Absolute Shrinkage and Selection Operator) is a regularization technique
that uses an L1 penalty, calculated as the sum of the absolute values of the model
coefficients, which can shrink some coefficients to exactly zero. This property allows it to
perform variable selection and regularization simultaneously [64]. However, its variable
selection can be inconsistent when predictors are highly correlated. To address this
limitation, the Elastic Net was developed as a hybrid of Ridge and Lasso, proving
particularly effective in such cases [65] (for an overview, see [66]). A large body of
research has proposed further biased estimators designed to offer more flexibility and
efficiency than standard ridge regression, including one-parameter options such as the
Liu estimator [67] and the Kibria—Lukman estimator [68], and two-parameter options such
as the Liu-type [69] and Dawoud—Kibria [70] estimators, with recent proposals
incorporating adjustments such as logarithmic transformations and customized
penalization to improve estimation efficiency [71].
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Textbox 3 compares OLS, ridge regression, and Lasso under severe multicollinearity, for
coefficient estimation and for prediction.

Textbox 3: A simulation of remedies for multicollinearity

As in Textbox 2, data were generated from a population with fixed unstandardized coefficients and an
explicit residual term. The 20 predictors were drawn from a multivariate normal distribution in which each
predictor has a mean of 0 and an SD of 1, arranged in two 10-variable blocks with a within-block
population correlation of 0.90; predictors from different blocks were uncorrelated. For each observation,
the outcome equaled a weighted sum of the predictors plus an independent Gaussian error term with an
SD of 4.0; the predictors thus accounted for about 45% of the outcome variance (population R? = 0.45).
Only five predictors in the first block had nonzero weights (unstandardized population coefficients: B, =
1.0, Bsp = 0.8, Bap = 0.6, Brp, = 0.9, Bop = 0.5); the second block had all-zero coefficients. Without the
residual term, OLS would recover all 20 coefficients exactly in any sample with n > 20; it is the residual
noise, amplified by the strong predictor correlations, that makes the coefficients difficult to estimate.

In each Monte Carlo replication, (1) OLS as a baseline, (2) Ridge, with the penalty that minimized the 10-
fold cross-validation error, and (3) Lasso, with the penalty selected by 10-fold cross-validation and the 1-
SE rule (200 A values; Amin/Amax = 10~¢), were fitted to a fresh training sample of n = 80. All three fitted
models were then evaluated on an independent test sample of 10,000 new observations drawn from the
same population. This complete procedure was repeated 1,000 times. To avoid leakage, both x and y
were standardized using training-sample statistics only, and prediction errors were converted back to the
original y-units. Figure 3 shows a representative coefficient realization from these 1,000 replications and
the Monte Carlo summary.

Left panel (coefficients, standardized scale): Because the models were fitted to z-scored training
data, the plotted estimates, as well as the true coefficients shown for comparison, are expressed on the
standardized scale; for example, the population coefficient ., = 1.0 corresponds to a standardized value
of approximately 0.19. To avoid highlighting an arbitrary draw, the displayed realization was selected
automatically as one with the median Lasso model size (3 predictors) and predictive performance close
to the Monte Carlo averages. In this representative realization, the OLS estimates deviate markedly from
the true coefficients, whereas Ridge strongly shrinks the estimates. The Monte Carlo results confirm that
this is systematic: the mean coefficient MSE was 0.085 for OLS, compared with 0.007 for Ridge and
0.006 for Lasso. Setting all coefficients to zero gives an even lower coefficient MSE (about 0.005): the
gain of Ridge and Lasso over OLS comes from shrinkage, and neither method reliably identified which
predictors in the first block carry the effect. In this realization, Lasso selected three predictors (xi, X2, and
Xs), wWith standardized coefficients of approximately 0.26, 0.09, and 0.05, respectively; only x; has a
nonzero true coefficient. This illustrates a characteristic difficulty of variable selection under strong
multicollinearity: when many predictors carry similar information, Lasso can select correlated proxies in
place of the variables that generated the outcome.

Right panel (predictive performance across replications): The bars show the mean independent-test
RMSE across the 1,000 replications, and the error bars show the empirical 2.5th-97.5th percentile
intervals of the replication-level RMSEs. Mean test RMSE was 4.66 for OLS, 4.13 for Ridge, and 4.37 for
Lasso. Because the residual SD was 4.0, no model can attain a mean test RMSE below this value; Ridge
approached this floor, whereas OLS exceeded it markedly due to estimation error. This excess reflects
the 20 coefficients estimated from 80 noisy observations: in a repetition of the simulation with
uncorrelated predictors, OLS attained the same mean test RMSE, as expected from Section 3.2. The
correlations mainly affect the coefficients: the sampling variance of the OLS coefficients (in original units)
is about nine times larger than with uncorrelated predictors, in line with the within-block VIF of 9.0. Ridge
attained the lowest test RMSE in 91.6% of the replications and Lasso in the remaining 8.4%; OLS never
did. Most of the difference between Ridge and Lasso reflects the 1-SE rule, which favors sparse models
at some cost in prediction accuracy: with the penalty at the minimum cross-validation error, Lasso
reached a mean test RMSE of about 4.16, close to that of Ridge.
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Figure 3. Simulation of OLS, Ridge, and Lasso under severe multicollinearity. In each replication, the
models are fitted to n = 80 observations with 20 predictors arranged in two blocks (x:—X10 and X11—Xzo,
separated by the vertical dashed line); predictors correlate at 0.90 within each block in the population and
are uncorrelated across blocks. Left panel: Standardized coefficient estimates for a representative
replication selected from the 1,000 Monte Carlo runs to have the median Lasso model size and near-
average predictive performance; the true coefficients are shown as open circles. In this realization, Lasso
retained x1, X2, and xs. Right panel: Mean independent-test RMSE across the 1,000 replications. Each
fitted model was evaluated on a new test sample of 10,000 observations, and the error bars show the
empirical 2.5th—97.5th percentile intervals.

5.4. Bayesian and Machine Learning Approaches

More recent approaches have adopted different modeling paradigms. By incorporating
prior information, Bayesian methods can stabilize estimates. Adepoju and Ojo [72]
demonstrated that a Bayesian model with an informative Normal-Gamma prior produced
more precise estimates with narrower credible intervals than OLS. Curtis and Ghosh [16]
proposed a hierarchical model that uses a Dirichlet process prior to simultaneously
perform variable selection and predictor clustering. The model does this by assigning
regression coefficients to groups, where all predictors in a group share an identical
coefficient value. Variable selection is accomplished by allowing one of these groups to
have a coefficient of zero, effectively removing those predictors from the model.

Non-parametric methods can be less sensitive to multicollinearity for prediction, although
interpretation and variable-importance measures can still be affected. In the case studies
of De Veaux and Ungar [73], neural networks, owing to their redundant and
overparameterized architecture, were relatively insensitive to correlated inputs in terms of
predictive performance; this finding may not generalize to other architectures and
settings. Genetic Programming can automatically perform predictor selection as part of its
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model evolution process [74]. However, these methods often come at the cost of
interpretability.

6. Special Topics and Debates

6.1. Moderated and Polynomial Regression

The inclusion of interaction or polynomial terms creates “structural” or “nonessential”
multicollinearity, as terms such as x-z and x? are typically strongly correlated with x and z,
especially when the predictors have nonzero means. Such correlation is not a
mathematical necessity, however: depending on the means and the shape of the joint
predictor distribution, product terms can be weakly correlated, or even uncorrelated, with
their constituent variables [75]. A long-standing debate has focused on the practice of
mean-centering variables to mitigate this. Echambadi and Hess [76] argued that centering
is an illusory fix that does not alter the underlying model-level collinearity. In contrast,
lacobucci et al. [77] proposed a distinction between “micro” multicollinearity (correlations
involving the interaction term) and “macro” multicollinearity (overall model properties).
They argued that centering helps alleviate the former, which aids in interpreting main
effects. McClelland et al. [78] countered that multicollinearity is a red herring in moderated
multiple regression, as the significance test of the interaction term is unaffected by
centering. There is broad agreement that centering is a useful tool for improving the
interpretability of the lower-order coefficients (after centering, these represent simple
slopes at the sample means; before centering, they represent slopes at zero, a point that
may lie far outside the data) and that it does not change the statistical test of the highest-
order term [75]. Whether centering also “alleviates” collinearity is largely a matter of
definition: the reparameterization leaves the fitted model and every estimand unchanged
(see Textbox 4), while individual collinearity diagnostics can decrease or increase
depending on the data [75].

Textbox 4: Mean-centering in moderated regression

This simulation shows what mean-centering changes in a moderated regression and what it leaves
unchanged. For n = 800 observations, the predictors x and z were drawn from a bivariate normal
distribution with means of 2 and -1, SDs of 1, and a population correlation of 0.50. The outcome was
generated as y = x + z + 1.5x-z + €, where € was normally distributed with an SD of 1.0. The same model
was fitted twice with OLS: once with the raw predictors (uncentered) and once with x and z centered at
their sample means before the product term was formed (centered).

Both fits produced identical fitted values and R2. Centering reduced the VIFs of x, z, and x-z from 2.20,
5.19, and 3.85t0 1.35, 1.35, and 1.00 (Figure 4, right panel), and it reduced the condition number of the
column-scaled design matrix from 10.27 to 1.75. The coefficients of the lower-order terms changed
because they refer to different quantities in the two fits. In the uncentered fit, the coefficient of x is the
slope of x at z = 0; in the centered fit, it is the slope of x at the sample mean of z (-0.96). When the same
quantity is computed from both fits, the estimates and standard errors are identical (Figure 4, left panel):
the slope of x at z = 0 was 1.02 (SE = 0.05), the slope at the mean of z was —-0.41 (SE = 0.04), and the
interaction coefficient was 1.50 (SE = 0.03). Centering thus changes the meaning of the lower-order
coefficients and the values of the collinearity diagnostics, and it leaves the information in the data
unchanged.
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Figure 4. Uncentered and mean-centered fits of the same moderated regression model (n = 800). Left
panel: Estimates and 95% confidence intervals of three quantities computed from each fit: the slope of x
at z = 0, the slope of x at the sample mean of z, and the interaction coefficient. Right panel: VIFs of x, z,
and x-z in each fit.

6.2. Structural Equation Models (SEM) and Multilevel Models (MLM)
Multicollinearity also presents unique challenges in more complex models. Grewal et al.
[79] showed that in SEM, correcting for measurement error often increases the
correlations among latent exogenous constructs, which can exacerbate multicollinearity
and lead to high Type Il error rates. Kock and Lynn [80] introduced the concept of lateral
collinearity (predictor-criterion redundancy) and proposed a “full collinearity test” using
VIFs on all latent variables to detect it. Shieh and Fouladi [81] found that Level 1
multicollinearity in MLM leaves fixed-effect point estimates unbiased and causes a
substantial downward bias in Level 2 variance components. Yu et al. [82] found that
multicollinearity at Level 2 is more detrimental than at Level 1 and, using REML
estimation, that variance components remained unbiased; they proposed a “top-down”
diagnostic method using the condition number and variance decomposition proportions.
The challenge of multicollinearity and the use of biased estimation also extends to other
complex frameworks, such as models for zero-inflated count data. For example, Ali and
Lukman [83] developed a ridge penalized Zero-Inflated Probit Bell (ZIPBell) model and
showed with simulations that ridge regularization stabilizes parameter estimates and
reduces mean squared error under severe multicollinearity.

6.3. Geographically Weighted Regression (GWR)

In spatial models, such as GWR and spatial autoregressive models, multicollinearity can
be a particularly challenging phenomenon. Wheeler and Tiefelsdorf [49] demonstrated
that GWR can induce strong negative correlation among local coefficients even when
global variables are uncorrelated, an artifact of the local smoothing process.
Fotheringham and Oshan [84] later argued that the severity of this issue was
overestimated, showing through simulation that GWR is robust to multicollinearity except
in extreme cases, and that standard significance testing is a more effective guard against
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misinterpretation than local diagnostics. To address multicollinearity in spatial
autoregressive models directly, Chavez-Chong et al. [85] proposed a ridge regularization
procedure that estimates both the regression coefficients and the spatial dependence
parameter simultaneously, offering a method to stabilize estimates in an explanatory
modeling context.

7. Discussion and Conclusion

The extensive literature on multicollinearity reveals a problem that is both simple in its
origin and complex in its consequences. While early work focused on detection and the
development of biased estimators to improve the precision of OLS, the modern literature
has become more multifaceted. There is a growing consensus that multicollinearity is a
data condition, compatible with the regression assumptions, whose implications must be
judged in the context of the research question. The simulations in the textboxes illustrate
this: the sign of a coefficient reversed in the population (Textbox 1), standard errors grew
with the square root of the VIF (Textbox 2), regularization improved prediction without
identifying which correlated predictors carry the effect (Textbox 3), and centering changed
the meaning of the lower-order coefficients while leaving the fitted model unchanged
(Textbox 4).

The choice of diagnostic tools has expanded substantially, from the ubiquitous VIF to
specialized measures for assessing influential points, distinguishing harmful from benign
collinearity, and visualizing complex dependency structures. Similarly, the array of
remedial strategies has grown to include sophisticated regularization techniques, robust
estimators, and machine learning models. However, a recurring theme is the danger of
applying these remedies without a clear theoretical justification. Practices such as
stepwise variable deletion are now widely discouraged, as the omitted-variable bias they
can introduce is considered a more severe error than the imprecision caused by
multicollinearity [12,86].

In conclusion, the literature suggests that there is no one-size-fits-all solution. The most
effective approach involves a deep understanding of the data-generating process, a clear
articulation of the model's purpose, whether for explanation or prediction, and the
judicious application of a suite of diagnostic tools. As many authors have concluded, the
best remedies are often fundamental research practices: careful, theory-driven model
specification and, whenever possible, the collection of more and better data [8,87].
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